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It has been observed in simulations of the beam-beam interaction in linear colliders that a near-
equilibrium pinched state of the colliding beams develops when the disruption parameter is large
(D >>1) [P. Chen and K. Yokoya, Phys. Rev. D 38, 987 (1988); in Frontiers of Particle Beams: Intensity
Limitations, edited by M. Dienes, Lecture Notes in Physics Vol. 400 (Springer-Verlag, Berlin, 1992), p.
415]. In this state the beam transverse density distributions are peaked at center, with long tails. We
present here an analytical model of the Maxwell-Vlasov equilibrium approached by the beams, that of a
generalized Bennett pinch [W. H. Bennett, Phys. Rev. 45, 890 (1934); 98, 1584 (1955)] which develops
through collisionless damping due to the strong nonlinearity of the beam-beam interaction. In order to
calculate the equilibrium pinched beam size, an estimation of the rms emittance growth is made which
takes into account the effects of the initial linear rise of the focusing forces, and of phase-space mismatch
during the beam-beam collision. This pinched beam size is used to derive the luminosity enhancement
factors whose scaling as a function of D and thermal factor 4 =0, /B* is in agreement with the simula-
tion results, and explain the previously noted cubic relationship between round and flat beam enhance-
ment factors. The implications for calculation of differential luminosity, beamstrahlung spectra, and as-
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sociated coherent beam-beam radiation effects, are discussed.

PACS number(s): 29.27.—a

I. INTRODUCTION

The calculation of the luminosity enhancement of
electron-positron linear collider beam-beam collisions due
to the mutual strong focusing, or disruption, of the beams
has been traditionally calculated [1] by use of particle-in-
cell computer codes. These numerical calculations solve
for electromagnetic fields and the motion of the particles
which generate these fields self-consistently. The emer-
gence of near-equilibrium “pinch-confined” transverse
beam profiles in the limit that the disruption parameter

D 2Nr,o, 0
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is much greater than unity has been noted; in this regime
the beam particles undergo multiple betatron oscillations
during the collision. In the above expression o, , are the
transverse rms beam sizes, o, is the rms bunch length, N
is the number of particles per bunch, and ¥ is the beam
particle energy normalized to the rest energy, and the
spatial beam distributions are assumed to be Gaussians.
It is proposed here that these near-equilibrium states are
approached through collisionless damping due to mixing
and filamentation in phase space, in analogy to a similar
phenomena found in self-focusing beams in plasmas [3].
The expected luminosity enhancement obtained in this
state is calculated in this paper. As understanding the
approach to this equilibrium entails examining nonlinear
phase-space dynamics, approximations are necessary,
especially with regards to the calculation of the emittance
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growth induced by filamentation. A model for this emit-
tance growth, based partially on Anderson’s methods
which were introduced for the study of the theory of
space-charge-induced emittance growth [4], is employed,
which then allows a calculation of luminosity enhance-
ment factors that is in excellent agreement with the
values obtained by simulation.

The equilibrium states we are presently examining are
of the type known as Maxwell-Vlasov equilibria, which
are obtained by looking for a time independent solution
of the Vlasov equation describing the beam’s transverse
phase space, with the forces obtained self-consistently
from the Maxwell equations using the beam charge and
current profiles. We begin by analyzing a limiting case,
that of a flat, or sheet, beam (o, >0 »)> as these are the
simplest, and most likely to be found at the interaction
point of a linear collider. For the purpose of calculation
and comparison to simulations [1] the beams are assumed
to be uniform in x and z (at least locally), and have identi-
cal profiles in y. In this way, the model of an equilibrium
state can be constructed.

II. MAXWELL-VLASOV EQUILIBRIA

In order to describe a thermally equilibrated, self-
pinched state of the beam, we begin by writing the verti-
cal force on an ultrarelativistic particle due to the electric
and magnetic fields of the opposing beam as

F,(»)=(1+B"\gE, =2qE, = —87’%, [ "Y(y")dy’ ,
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where Y, normalized by f ® . Y(y)dy =1, describes the
vertical beam spatial distribution function, and
2,=N/2nwo, 0, is the sheet beam surface charge density.
We search for separable solutions to the time indepen-
dent Vlasov equation

o __p3f
v, o Y %, , 3)
where v, =p, /ym, ie., solutions of the form

f(y,p,)=Y(p)P(p,). This form is in fact approached in
true thermal equilibrium, as can be verified by substitu-
tion of a Maxwellian momentum distribution, and this is
illustrated below. In order for this equilibrium to be ap-
proached through phase-space mixing, more than one
nonlinear vertical betatron oscillation must occur during
collision, D, =4nr,2,02 /0, > 27 [3,5].
The solution to the momentum equation

dP A2
aer __ A 4
do, ” p,P(p,) (4)
derived from separation of Eq. (3) is
A A’p}
P(p,)=—==—=-exp |— 5
(py) mym exp 2ym | (5)

which is the Maxwell-Boltzmann form corresponding to
a thermal equilibrium. The separation constant
A’=ym /oZ, with 0} =(p?), is inversely proportional to
the temperature of the system. The solution to the corre-
sponding coordinate equation

Y _ e o2p2 y
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derived from Eq. (3) is
Y(y)= %sechz(ay ), a=4mre?3,\2. )

This profile is the one-dimensional analog to the Bennett

-L=frcp0f_w f_w f_w f_w ne—(x,y,z—ct)ne+(x,y,z+ct)dxdydzdt=

where f ., is the bunch collision rate of the linear collid-
er. For the pinch-confined case, the luminosity integral
becomes

N%f_ _ _a

=P (12)
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The luminosity enhancement factor, which is defined to

be the ratio of the luminosity of the pinch-confined col-
lisions to the undisrupted case, is, from Egs. (11) and (12),
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profile found in a cylindrically symmetric Maxwell-
Vlasov equilibrium [2,3].

The separation constant A2 still remains to be calculat-
ed in this treatment. To obtain an initial estimate, one
can use the fact that the distribution function at the ori-
gin in phase space is stationary, by symmetry, that is,
af /dt=0at (y,p,)=(0,0), and therefore f(0,0) is a con-
stant of the motion. Assuming an initial bi-Gaussian dis-
tribution in phase space, and equating its peak density in
phase space to that of the Bennett-type profile found
upon equilibration, we have
172
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We then obtain, solving directly for a,
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With this relation we can now compare the luminosity
that comes about by the transition to a pinch confined
Bennett-like state with that of the initial unpinched
Gaussian beam. At this point, we make allowance for the
fact that the beams are not uniform in z and redefine, for
the purpose of luminosity calculation, the surface charge
density to be its rms value:

N

> 2= (10)
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The luminosity enhancement due to pinch confinement
can be calculated by evaluating the luminosity integrals
of the two cases, assuming A, ,=0,/B;, <1, where

.y =02 /€, , are the depth of foci in the transverse di-
mensions in the interaction region, and D, <1. In these
limits the pinching in the horizontal dimension is negligi-
ble, and the effects of transverse beam size variations in
the absence of disruption can be ignored. If the disrup-
tion is ignored, the luminosity is given by

N 2f rep

b
4mo o,

(11)
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This results of the computer simulation of luminosity
enhancement factors by Chen and Yokoya [1] is reprint-
ed in Fig. 1. Equation (13) clearly has too strong a
dependence on both D, and 4, to model the simulation
results correctly. This is because, even though we have
invoked emittance growth (phase-space filamentation) as
the mechanism behind the collisionless approach to equi-
librium, we have neglected to calculate this emittance
growth. In other words, the filamented phase space may
produce behavior like that of a smooth thermal distribu-
tion function, but since it is filamented, the relationship
between the peak in the distribution function and the em-
ittance is no longer simply given by Eq. (8), and our cal-
culation is too optimistic.
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FIG. 1. The results of particle-in-cell simulation (plotted
symbols) for luminosity enhancement in flat beam collisions,
taken from Ref. [1], along with the fit obtained by the Maxwell-
Vlasov equilibrium-analysis-derived expression Eq. (24).

ITI. EMITTANCE GROWTH

Assuming the vertical disruption is large, the emittance
growth occurs during two distinct times during the ap-
proach to pinch confinement. The first is a “wave break-
ing” in phase space, where the nearly laminar initial
focusing process ends with the advent of focusing to the y
axis of the small amplitude beam particles. This is very
similar to the space-charge-induced emittance growth in
low energy focusing channels, and is analyzed with a
method developed in that field by Anderson [4]. We be-
gin by assuming laminar flow of beam particles pinching
down under the influence of the opposing beam forces.
This assumption ignores the effects of the beams’ finite
emittance. In addition, the opposing beam is assumed to
be undergoing an identical pinch, reducing the model
problem to that of calculating the behavior of a single
beam. In order to recover the relevant aspects of the
time dependence of the initial pinching forces, we assume
that the opposing beam current, and therefore the pinch-
ing forces, rise linearly in time, as b,ct /o ,, where b, is a
constant of order unity introduced to account for the un-
certainty in the rise time. The force on the beam parti-
cles in this region of rising beam current can then be
written in terms of the enclosed opposing beam current,
and thus the initial transverse displacement £=y(¢ =0):

z
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where G(§)= f gY( y)dy is a constant of the motion under

the assumed double laminar flow conditions. The equa-
tion of motion for the beam particles is then

z d
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with K(§)=8nr,2,G(£)/y. For small initial amplitudes
§ <<o,, we have
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where n,=3,/V2mo, is the peak undisrupted beam
density, and we have defined the wave number associated
with vertical betatron motion associated with the forces
arising from an oncoming beam of this density. The solu-
tion for the small-amplitude limit of Eq. (15) is thus

b k2 3
y=¢|1— EF (17)
60,

and the small-amplitude particles focus at the wave-
breaking point zyg=[60, /b k3]1'">.
The general solution to Eq. (15) is

bk G
60, dG
dg

At wave breaking, which corresponds to one-quarter of a
beam oscillation, and after which the laminar flow as-
sumption is violated, the particle positions have depen-
dence which has no term linear in £, which is an indica-
tion of the explosive emittance growth which has taken
place.

The growth of the square of the rms emittance at wave
breaking can be calculated by substitution of particle po-
sitions and angles at zy into the following expression:

y=§ (18)
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where b, is a constant dependent only on b, and on the

exact form of G. The total emittance at wave breaking is
therefore, adding the initial thermal and the nonlinear

contributions in squares, and using o, =y > €),00 1S
given by
2/3
2 =2
€szw5 6}’,0 1+b2 2 (20)
y

This would complete the description of the relevant
emittance growth if the applied forces had no further
time dependence, as the emittance, and thus the peak
beam density and differential luminosity, quickly equili-
brates after wave breaking in a system with constant
current [3]. Because the beam-beam forces must still un-
dergo further increase, however, there is more emittance
growth due to the induced turbulence in the beams’
transverse phase space, as the nearly equilibrated beam
pinches further under a nonlinear restoring force. This
has some analogy to the emittance growth in a space-
charge-dominated focusing channel discussed recently by
Bohn [6]. The phase-space turbulence which occurs after
wave breaking, combined with the nonlinearity and the
time ramp of the pinching forces, cause an emittance
growth. This growth is not well quantified by the rms
emittance, since that would overemphasize the contribu-
tion of the tails of the phase space. What we are con-
cerned with here is actually the phase-space density in
the vicinity of the origin, as that is what dictates the equi-
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librium beam density profile and therefore the differential
luminosity. As the dilution of the peak phase-space den-
sity occurs during turbulence, the motion displays some
aspects of chaotic behavior; the stochasticity of the
pinching forces makes the motion display phase-space
diffusion in addition to the related phenomenon of
decoherence [7]. In particular, we can expect that two
nearby points in phase space will diverge exponentially
from each other as the motion proceeds, leading to an ex-
ponential increase in effective phase space area, or emit-
tance.

This observation allows us to construct a simple model
with which to quantify the effective emittance growth.
The fractional rate of increase of the phase-space area
(the emittance €,) must be proportional to the inverse of
the current rise length ;! (how fast the wave number of
the focusing ramps as the beams come into collision) and
also proportional to the thermal expansion wave number
times the rise length, o,/B,~0,/B;. Note that by tak-
ing B, =~Bj, a constant, we have only supplied an estimate
of the thermalization length. This estimate is quite good
because the thermal spread of the filaments of the distri-
bution will have nearly the same effective temperature as
the original, unpinched phase space, because of the non-
linearity of the pinching forces. Under these assump-
tions, a soluble approximate equation describing the em-
ittance growth after wave breaking can be written:

de €

y y
——=b,—— , (21)
dz ﬁ;

where b; is a constant of order unity which contains in-
formation about rise length and the amplitude of the non-
linear terms in the pinch forces. As we expect the density
to be well behaved near y =0, the dominant nonlinearity
is the lowest term, of third order in {. Integrating Eq.
(21) over the entire current ramp [it is easy to show that
for D, >>1, the wave-breaking distance may be ignored
(zwp <<0,)] gives, in combination with Eq. (20), the final
effective emittance at the end of the ramp:

2/3
1+b,—2
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Now there are two constants that must be determined in
order to derive the full expression for the luminosity
enhancement. Using these constants as fitting parameters
to model the simulation data, we obtain a final expression
for the emittance growth:

: LHNE
ey,az=e§,0 1+3 Ayz exp EA” (23)
and the luminosity enhancement as
173
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The fit to the simulation data obtained from Eq. (24) is
shown in Fig. 1 and, as can be seen, it is quite good. The

standard deviation of the error between the data and the
fit is 1.2% over the ranges A4,=[0.1,0.8] and
D,=[10,100], while the maximum error is 2.5%. This
agreement lends strong support for the validity of the
model we have developed for the pinch-confined state ob-
served in the simulations [1].

IV. ROUND BEAM EQUILIBRIA
AND LUMINOSITY ENHANCEMENT

While the disruption enhancement occurring in round
beam (05 =0) collisions is not of as great interest as for
flat beams, due to the emphasis of current linear collider
designs on flat beam collisions (which mitigate the
coherent production of photons and associated prob-
lems), it has been investigated thoroughly in the last de-
cade, mainly motivated by the need to understand the
original SLC design and operation. One curious fact
which has emerged from the comparison of round versus
flat beam collisions is that the luminosity enhancement
appears to scale as

H(D, A)quua=H(D,, 4,1}, - (25)

It is interesting to see what a Maxwell-Vlasov analysis
predicts as far as explaining this scaling is concerned.
While a full discussion of the emittance growth process
for the disruption of round beams [5] is beyond the scope
of the present work, we will see below that the results of
such a calculation would yield similar dependences on D
and A as in the flat beam case. This said, we can follow
the treatment of self-focused round beam equilibria in
plasma found in Ref. [2], to derive the analog to Eq. (13)
for cylindrical symmetry. We begin by writing the
Vlasov equation for this case:

Pr of af
——t=—F — 26
ym or F, ap, (26)

Assuming separable solutions f(r,p,)=R(r)P(p,), the
momentum equation and its solution are of identical form
to Egs. (4) and (5). The corresponding coordinate equa-
tion is

4e2\2N,

r

4R _
dr

forR (ppdp , 27

where N, is the number of beam particles per unit length.
The solution of Eq. (27) is the well-known Bennett profile

1
R(r) ma 1+ (/] (28)
where a?=2y€%*/N,r,, and we again take the rms value
of the longitudinal charge density N, .

The luminosity enhancement obtained in this case
(leaving the phase-space dilution term ¢, /€, o unspecified
for the moment), repeating the method used in deriving
Eq. (13),is

403
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H(D, A)gppa= (29)

Comparison of this expression to Egs. (13) and (24)
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indeed indicates that H(D, A)a=~H(D,, A, )4y, as
found by simulation.

To illustrate this point further, we compare the simula-
tion data to an expression of the same form as Eq. (23),
adjusting the constants and the dependence on D of the
emittance growth to obtain a best fit to the data, to ob-
tain

2 D

H(D,A)=3

(30)
A%+ %DO'-’exp

T
—A
2

The simulation data and the predictions of Eq. (30) are
shown in Fig. 2. Again, the agreement is quite good,
with a rms error which is larger than the corresponding
flat beam error by approximately 3, as might be expected
from the ratio of the powers of the functional depen-
dences in the two cases.

Two aspects the emittance growth physics in round
beams can be deduced from the fit obtained from Eq. (30).
The first is that the D dependence of the emittance
growth is slightly stronger for round beams. This is due
to the fact that the time dependence of the beam-beam
pinching force is stronger than the current rise [the
dependence assumed in Eq. (14)] in the round beam case.
For round beams the force, again assuming laminar flow,
is proportional to the enclosed current, but it is also in-
versely proportional to the radius of the particle undergo-
ing the pinch, which obviously becomes smaller during
the pinch.

The other notable feature implied by Eq. (30) is that
the exponent for the emittance growth due to phase-
space dilution after initial wave breaking is a factor of 3
larger than found in the flat beam case. This factor is
present because of the same geometric factors relating
current density and pinching forces which produce the
difference in exponents in Eq. (25), and is a measure of
the coefficient of the nonlinear focusing term producing
the phase-space dilution. To illustrate this point, we ex-
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FIG. 2. The results of particle-in-cell simulation (plotted
symbols) for luminosity enhancement in round beam collisions,
taken from Ref. [1], along with the fit obtained by the Maxwell-
Vlasov equilibrium-analysis-derived expression Eq. (30).

pand the focusing forces corresponding to the flat beam,

2
y

ay

1

31
3 ) (31)

F,= —8me’n,y

where a, =a ', and round beam,
2

F,=—4me?n,r |1— % , (32)

equilibria. The quantities @, and a are related to the
thermal scale (Debye) lengths which indicate the dis-
tances over which the spatial distributions fall off qua-
dratically from their peak value in the flat and round
beam equilibria, respectively. Expanding the equilibrium
profiles for small amplitude, we have

2
r

n,(0) [1— flat beams
ay

nb% 2

nb(O) 1—-2 (—

round beams.

We can see that, by defining the beam boundary in
terms of its quadratic density variations, a/V'2 is
equivalent to a,. Now, viewing the phase-space dilution
as due mainly to decoherence, its rate is proportional to
the relative difference in the betatron tune with ampli-
tude, which is linearly dependent on the coefficient of
third-order focusing terms [8] in Egs. (31) and (32). Thus
the exponential distance for the emittance growth, taking
into account the relationship between the beam boun-
daries, should be approximately a factor of 3/2 larger in
the round beam case. When the emittance growth term
is squared, this produces the factor of 3 difference in the
exponents found in Egs. (24) and (30) for the growth of €.

V. CONCLUSIONS

This approach to understanding beam-beam collisions
can be used to perform more accurate estimations of radi-
ative (beamstrahlung) energy losses, and the differential
luminosity spectrum [9]. In addition, a good physical
model for the distribution functions of the beams as they
undergo collision is a necessary starting point for an im-
proved analysis of the transverse instabilities [1,10] (espe-
cially the kink instability) of the colliding beam system.
An analogous investigation of the transverse two-stream
instabilities of slab beams in overdense plasmas has been
recently performed by Whittum [11]. His methods may
be straightforwardly adopted for analyzing the beam-
beam kink instability. The methods introduced here will
also be extended to the study of quasiflat beam collisions
[12], where the horizontal disruption may be nontrivial,
in a future work.

In conclusion, we have introduced a model of the lumi-
nosity enhancement due to beam-beam disruption in a
linear collider by examining the transverse equilibria (the
pinch-confined states observed in simulation) which are
approached collisionlessly through phase-space mixing in
the limit of large disruption. Simple aspects of the non-
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linear dynamics involved have been employed to obtain
the scaling, as a function of the disruption parameter D
and thermal factor A4, of pinch-confined beam densities
and luminosity enhancements. This model gives quanti-
tatively very good agreement with computational simula-
tions, and explains some important details of the relation-
ship between round and flat beam luminosity disruption
enhancement observed in these simulations.
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